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Abstract

Energy minimization problems are highly non-convex problems at the heart of
physical sciences. These problems often suffer from slow convergence due to
sharply falling potentials, leading to small gradients. To make them tractable, we
often resort to coarse-graining (CG), a type of lossy compression. We introduce a
new way to perform CG using reparametrization, which does not require the costly
steps of force-matching and back-mapping required in traditional CG. We focus
on improving the slow dynamics by using CG to projecting onto slow modes. We
also propose a way to find robust slow modes for many physical potentials. Our
method also does not require data, which is expensive in molecular systems and a
bottleneck for applying machine learning methods to such systems. We test our
method on molecular dynamics for folding of small proteins. We observe that our
method either reaches deeper (more optimal) energies or runs in shorter time than
the baseline non-CG simulations.

In statistical physics we are interested in knowing in the most likely states the system will be in, given
a set of exogenous factors (e.g. finding protein conformations at different temperatures, pH levels,
etc) [12]. The negative log-likelihood function, or “free energy”, is based on physical laws, with more
likely states having lower free energies. These systems generally have a large number of degrees
of freedom (DOF) with complex interactions, making the free energy landscape high dimensional
and highly non-convex. One way to make these problems tractable is to compress the DOF via
coarse-graining (CG) [21, 18]. CG aims to reduce the degrees of freedom (DOF) in the system and
replace them with clustered or collective modes. CG methods have proven very successful [19]
in many fields such as molecular dynamics (MD) [7]. Yet, they also involve costly steps, such as
back-mapping to fine-grained (FG) modes and force-matching [8].

In this paper we introduce a new approach to CG that allows us to find deeper energy levels more
efficiently. Instead of replacing DOF with CG modes, we reparametrize the FG modes as functions
of the CG modes. This approach allows us to both have access to FG modes at all times (avoiding
back-mapping) and to compute forces without requiring force-matching. We choose our CG modes
to be the “slow modes”, which are collective modes that evolve very slowly. Slow modes are the
main cause of slow convergence of many problems, including MD. Additionally, slow modes may
change during optimization, making it costly to keep track of and remedy them. In this work we
show theoretically that in many physical systems, there exist robust slow modes, which change very
little during optimization. We use these slow modes for our CG reparametrization. This allows us to
first do the hard and slow part of the optimization without interference from fast modes. In the end,
we allow all FG modes to relax, including the fast modes, to further optimize the solution. We show
experimental results for MD simulations, where we find the reparametrized models achieve deeper
energy levels or converge in shorter times, or both. In summary, our contributions are:

1. CG via reparametrization: a new method avoiding force-matching and back-mapping.
2. Robust slow modes: we devise a method for finding these modes in many systems.
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3. MD simulations: we show the benefits of our method in protein MD simulations.
4. Data-free: our method modifies the optimization process and requires no training data.

1 Background

To find likely states in physical models we can minimize the free energy. Unlike optimization problems
encountered in deep neural networks, these physics-based models are “shallow” by construction and
usually do not have any input output data. The trainable “weights” are the physical DOF that need to
be optimized, and the loss function is the free energy, which encodes all the nonlinear interactions of
the weights. Usually, the interactions have multiple scales of strength. For instance, in MD covalent
bonds are very strong, modeled as quadratic potentials kr�r0k2, while van der Waals forces between
neutral atoms are extremely weak, falling sharply and modeled as Lennard-Jones (LJ) potentials
c(r�12 � r�6).

The hierarchy of forces makes the energy minimization quite challenging, including slow convergence
of gradient-based methods. It leads to the system having fast and slow modes, with extremely large and
small forces, respectively. The fast modes force us to choose small time steps for numerical stability,
resulting in slow modes converging extremely slowly. To accelerate such free energy minimization
problems we need to address the slow convergence of these slow modes. Two commonly taken
approaches to address this issue are: 1) preconditioning (e.g. adaptive gradient or quasi-Newton
method); 2) Coarse-graining (truncating the DOF to remove some fast modes). We focus on the
second option here. Refer to sec. B for discussion on why adaptive gradient methods do not fully
resolve the slow modes issue in physics problems.

1.1 Coarse-graining

CG involves a lossy compression which replaces the original DOF with new collective modes. We
will be mostly considering what is called “bottom-up” CG (see [8] for a review). In MD, specifically,
CG generally involves the following steps:

1. Defining CG modes: usually, a local clustering of multiple atoms into larger “beads”
2. Force-matching: finding the effective forces between CG modes resulting from FG forces.
3. CG dynamics: running MD for the CG modes with matched forces.
4. Back-mapping: from CG to the FG modes. Involves sampling, satisfying physical con-

straints, and minimizing the FG potentials.

CG generally removes the microscopic DOF responsible for the fast modes. CG can reduce
simulation cost by both reducing the number of degrees of freedom, as well as by effectively
removing some of the fast modes. However, the sampling and optimization in the back-mapping
step can be quite expensive. As we show, our approach avoids the sampling and simplifies the
fine-graining step.

Choice of CG modes. There exist various methods for choosing CG modes, depending on what
information we wish to preserve. For example, in protein-folding, discretizing the conformation space
into states and the transition probabilities between them yields a Markov model [6]. The spectrum of
the Markov transition matrix captures the dynamics of the system. The eigenvalues correspond to the
time scale (the rates of transitions between states), while the eigenvectors guide a clustering of states
based on kinetic similarity [9, 22]. Other choices for CG modes include local clustering of atoms
into beads, and using PCA on a matrix of multiple configurations to find co-moving parts [25]. In
this work, we use the spectrum of a canonical Hessian to define the CG modes.

Force-matching. Force-matching requires us to find an effective potential such that forces between
CG modes approximate the overall forces between their constituent FG modes. For a review of
various classic force-matching algortithms, refer to [8]. Recently, machine learning methods have
also been used to learn the force-matching potential [17, 11].

Back-mapping. The step to revert from CG modes to atomistic FG modes. Current methods build
on geometric reconstruction [14] and refinement with MD [1, 20] or data-driven approaches [24, 23].
The main limitation of MD is speed, while the data-driven models are hard to generalize for complex
large structures and require a large amount of data.

2



Need for non-data-driven approaches. Many ML approaches are data-driven and rely on
availability of large amounts of high quality data. However, in problems such as material and
molecular design data can be scarce or expensive to simulate. Importantly, the space of possible
structures is so large that building datasets with good coverage is not feasible in many cases. Even
for proteins, which are heavily researched, conformation data is scarce and protein-folding remained
a difficult problem until recently. Our goal is to devise a methodology for improving energy
minimization problems without the need for any training data.

2 Coarse-graining by reparametrization

Let X 2 X ’ Rn�d be a set of DOF, e.g. particle positions, bond angles, etc. Let L : X ! R be a
loss function, which we will call the energy or potential. Our goal is either to simulate the dynamics
of the system based on L , or to find high likelihood configurations X�, which are deep local minima
of L . Usually n is large and L is a very steep non-convex function, making computations slow.
Traditional CG involves mapping to a reduced space of CG variables, Z � Rk�d with k � n.
But to run the dynamics using CG modes we need to figure out forces between CG modes, or
“force-matching”, and how to go back to X , or “back-mapping”.

Force-matching. The microscopic energy function is L : X ! R. However, as CG replaces the
DOF, we need to find an approximate potential LCG : Z ! R such that for X 2 X we have

CG: � :X ! Z; LCG(�(X)) � L (X): (1)

The process of finding LCG is called force-matching. Traditional force-matching methods involve
analytically solving and approximating LCG [8]. Recently, machine learning (ML) has been used to
do force-matching for MD with good results [15, 11]. Next, the dynamics is run using LCG instead
of L .

Back-mapping. After the dynamics is run, we need to map back from Z to X . However, the map
� : Z ! X is not unique, as generally many different X can be compressed to a given CG mode
Z. Also, when going from Z to a possible X , some X may not be allowed (e.g. have overlapping
atoms) or have large energies. Therefore, back-mapping usually involves sampling or optimization to
find the allowed X . This can be challenging when there are many X mapping to the same Z. For
instance, in protein dynamics most CG methods replace all atoms in each side chains with a single
bead at their center of mass.

2.1 CG using reparametrization

Our idea to overcome the challenges of CG is to change the DOF X to a function of the CG modes,
meaning we reparametrize X as

Reparametrization: X = �(Z); � : Z ! X (2)

which is the reverse of what traditional CG does. The advantages of this approach are:

1. No back-mapping: we have direct access to the fine-grained modes as X = �(Z).

2. No force-matching: The energy for CG modes is LCG(Z) = L (X) = L (�(Z)).

One disadvantage of this approach is that we still use X to compute LCG(Z). Nevertheless, if the
CG leads to fewer optimization steps overall, or allows us to find deeper minima more efficiently, the
benefits can outweigh the costs. Additionally, this cost could be reduced if LCG(Z) could be learned
from L (X). We will not do so in this work, but discuss this as a future direction. Next we discuss
the reparametrization function �.

Choice of reparametrization. � can be either an explicit and fixed function, or it can be a trainable
neural network. The choice of � can depends on what quality or what property of X we want the
CG modes to have. In our case, we are interested in energy minimization problems. So we want the
choice of � to facilitate finding deeper energies or simplify the optimization problem. As mentioned
above and elaborated in sec. B, a major bottleneck is energy minimization are the “slow modes”. As
mentioned earlier, fast modes force us to choose smaller time steps. If we ignore fast modes in early
stages of the optimization, we could traverse much larger time intervals. Therefore, we choose our
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reparametrization� to be simply a linear projection onto slow modes

Slow mode projection: X = � (Z ) = Z T 	 Slow �
X

i 2 Slow

Z T
i  i (3)

where	 = (  i ) i 2 Slow form a basis forSlow , the subspace spanned by slow modes, discussed next.

2.2 The Hessian backbone and robust slow modes

Before discussing the theoretical underpinning of our choice of slow modes, we will state how we �nd
them in practice. As we show in sec. C, the slow modes are Hessian eigenvectors with eigenvalues
close to zero. But since the HessianH (X ) = rr L (X ) depends onX , the slow modes can change
during the dynamics. Nevertheless, we show that many physical energies, including in MD, have
a special structure which allows us to �nd a set of robust slow modes. These slow modes should
remain reliable for a long interval during optimization.

Aggregating sampled Hessians.To �nd a set of robust, approximate slow modes, we �rst compute
the Hessian for a few perturbed con�gurationsSamples (X ) = f X 0 = X + �X g, whereX is the
current state and�X �

i � N (0; � ) is sampled from Gaussian (i is the particle index and� the spatial
dimension). We want to extract a set of slow modes from the sampled HessiansH (X 0). We then
compute a backbone from these Hessians of the form

Backbone: H ij =
X

X 02 Sample (X )

kH ij (X 0)k2 (4)

Herei; j 2 Zn are the particle indices and the Frobenius normkH ij k2 =
P

�;� (H ��
ij )2 sums over

the feature indices (note thatX �
i has a particle indexi and a feature index� 2 f 1; : : : dg). Then, we

extract the slow modes of the backbone, by doing a spectral expansionH =
P

i � i  i  T
i and picking

 i with j� i j < " 2 maxj [� j ], for some small" < 1.

The intuition behind equation 4 is to identify the components in the sampled Hessians which have
consistently high magnitudes. If we had taken a simple mean we could get very small values, because
the components can �uctuate randomly. Also, if we had taken the variance instead of the norm, we
would get zero for quadraticL , whereH is constant and has no variance. However, these intuitions
do not show that there would be any connection between the modes of the backboneH and the actual
HessiansH (X 0). Importantly, entries inH (X 0) have signs, which affects the spectrum, whereas
all entries inH are positive. So why should the spectra ofH andH be related? This is where the
structure ofL comes into play. Indeed, we show in appendix C, for many physicalL , the slow
modes of the backboneH approximate the slow modes of sampledH (X 0) up toO("2) errors (see
appendix C.1 for proof).

3 Experiments

We apply our method to protein folding using classical MD forces.
Settings: We use gradient descent to minimizeL (X ). All experiments (both CG and baseline) use
the Adam optimizer with a learning rate10� 2 and early stopping withj� L j = 10 � 6 tolerance and5
steps patience. We run each experiment four times.
Baseline:we use direct GD on the MD energy as baseline.
CG model: We use four different choices for the fraction of the eigenvectors to use in CG equation 3:
3 � (#AminoAcids) , 30%, 50%, and70%. We use a two stage process. First, we use CG as in
equation 3X = � (Z ) = Z T 	 Slow and minimizeL CG (Z ) = L (� (Z )) overZ . After this stage
converges toX 0 = � (Z0), we add�X to X 0 and optimize the �ne-grained�X , starting with�X = 0 .
In this FG step the loss reduces by a small, but noticeable, amount. For the CG step we choose a
more relaxed stopping criteriaj� L CG j = 10 � 5, but use the same learning rate.

Protein folding with classical MD In protein folding our energy function consists of �ve potential
energies for: bond lengthEbond , bond anglesEangle , Van der WaalsEvdW , hydrophobicEhp
and hydrogen bondingEH [2]. Note that we are ignoring the solvent (e.g. water) and writing
using potentials, or force �elds. To calculate the force �eld, we use distance,r , and angle-based,
� , potentials. For each amino acid, we use the rdkit [13] package to acquire bond length,r 0,
and bond angle,� 0 (every triplet of atoms de�ning the bond), information that we use to de�ne
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Figure 1: (a) time vs. energy of CG runs relative to the baseline. The symbol sizes encode different
numbers of eigenvectors in CG. The different colors and symbols correspond to different proteins:
5AWL, 1PLW, 2JOF, and 2MGO. (b) The angle and (d) bond length distribution of 1PLW protein
acquired from the data and calculated by using the baseline and CG (70%) methods. (c) The native
structure (data) of the 2JOF protein, and the layouts obtained from the baseline and CG method.

quadratic energiesEbond andEangle . We use Lennard-Jones (LJ) potentials,Vp;q (r ) = r � p � r � q,
to approximateEvdW between all pairs of atoms,EH between atoms prone to form a hydrogen bond
(certainH andO, in our case),Ehp between atoms in hydrophobic residues, yielding

L (X ) = Ebond + Eangle + EvdW + EH + Ehp

= kbond (r � r 0)2 + kangle (� � � 0)2

+ � vdW V12;6

�
r

� vdW

�
+ � H V6;4

�
r

� H

�
+ � hp V6;4

�
r

� hp

�
(5)

Here the coupling matrix[� vdW ]ij = ai + aj whereai is the vdW radius of atomi . For atoms
which form H-bonds,[� H ]ij = ( bi � bj )1:5Å (hydrogen bonding radius) withbi = 1 if i forms an
H-bond, andbi = 0 otherwise.[� hp ]ij = ci + cj whereci = 2 Å if atom i is in a hydrophobic residue
andci = 0 otherwise. Figure 2 shows an example of these coupling matrices for the Enkephalin
(1PLW) protein. We implemented a framework to build peptide chains using the 20 universal amino
acids where we connect them by peptide bonds. To evaluate the effect of our CG model, we run
experiments on four small proteins: Chignolin (5AWL), Trp-Cage (2JOF), Cyclotide (2MGO) and
Enkephalin (1PLW).

Results. We run each experiment four times. Denoting the �nal energy and run time of the
CG model byECG andtCG , ad baseline byE0 andt0, we compute the normalized differences
� Ê = ( ECG � E0)=E0 and� t̂ = ( tCG � t0)=t0. The normalization allows us to plot results from
different proteins together. Figure 1a shows the mean of� Ê vs � t̂ over the 4 runs for each CG setting.
The cross shows the spread (1 STD) over the four runs for energy and time. Overall we �nd that
all CG models outperform the baseline either in terms of run time or energy, or both. We note that
our choices for� H ; � vdW ; � hp andkbond ; kangle , can be a source of error. Additionally, we “softened”
the LJ potential toVp;q = 1=(r p + � ) � 1=(r q + � ) with � = 0 :65, which is large and signi�cantly
reduces the penalty for overlapping atoms and may reduce accuracy.

4 Discussion

We Showed preliminary evidence that CG through reparametrization can yield some improvements
over non-CG baseline in protein folding, both in terms of run time as well as energy. This method has
the advantage that it does not require force-matching or back-mapping. However, more experiments
are needed to compare it against traditional CG methods. In fact, using ML to learn force-matching
might provide further advantage by removing the need to evaluateL CG (Z ) = L (X ) via the �ne-
grained modesX . Also, while our canonical slow modes are derived for physical Hessians, the
reparametrization approach to CG is general and could be applied to other ML problems.
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A Additional Figures

Figure 2: Enkephalin (1PLW). a) The peptide chain is built by stacking amino acids on each other
using the peptide bond length from the literature,1:32. b) Van der Waals, hydrogen bond, and
hydrophobic interaction matrix, that we use in the energy optimization.

Figure 3: Comparison of performance of CG Hessian versus baseline MD. Point sizes correspond to
the number of CG modes used.

B Energy minimization

Let X 2 X ' Rn � d be a set of degrees of freedom (e.g. particle positions, bond angles, etc.) and let
L : X ! R be the energy (loss) function. We are interested in �nding con�gurationsX � which are
local minima ofL . We can �nd suchX � using a gradient descent (GD), or its continuous variant,
gradient �ow (GF)

dX
dt

= � " r L (X ) (6)

where" is the matrix of learning rates (LR). In simple GD where" = cI is a single constant times
identity, GD evolves at different rates in different directions, with some being much slower than
others. At a givenX , these “slow modes” are the eigenvectors of the HessianH (X ) = rr L (X )
with eigenvalues closest to zero, as we review below. We will �rst de�ne fast and slow modes in the
simple quadratic case and then generalize them to non-convex cases in the next section.
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