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Abstract

Group-equivariant neural networks have emerged as a data-efficient approach to
solve classification and regression tasks, while respecting the relevant symmetries
of the data. However, little work has been done to extend this paradigm to the
unsupervised and generative domains. Here, we present Holographic-(V)AE (H-
(V)AE), a fully end-to-end SO(3)-equivariant (variational) autoencoder in Fourier
space, suitable for unsupervised learning and generation of data distributed around
a specified origin. H-(V)AE is trained to reconstruct the spherical Fourier encoding
of data, learning in the process a latent space with a maximally informative invariant
embedding alongside an equivariant frame describing the orientation of the data.
We extensively test the performance of H-(V)AE on diverse datasets and show that
its latent space efficiently encodes the categorical features of spherical images and
structural features of protein atomic environments. Our work can further be seen
as a case study for equivariant modeling of a data distribution by reconstructing its
Fourier encoding.

1 Introduction

In supervised learning, the success of state-of-the-art algorithms is often attributed to respecting
known inductive biases of the function they are trying to approximate. One such bias is the invariance
of the function to certain transformations of the input. For example, image classification is transla-
tionally invariant. To achieve such invariance, conventional techniques use data augmentation to train
an algorithm on many transformed forms of the data. However, this solution is only approximate and
increases training time significantly, up to prohibitive scales for high-dimensional and continuous
transformations, e.g. rotations of an object in 3D. Alternatively, one could use invariant features of
the data (e.g. pairwise distance between different features) as input to train any machine learning
algorithm [Capecchi et al.} 2020, [Uhrin, [2021]. However, the choice of these invariants is arbitrary
and the resulting network could lack in expressiveness.

Recent advances have developed neural network architectures that are equivariant under actions of
different symmetry groups. These networks can systematically treat and interpret various transfor-
mation in data, and learn models that are agnostic to these transformations. For example, models
equivariant to euclidean transformations have recently advanced the state-of-the-art on tasks over
3D point cloud data [Liao and Smidt, |2022] [Musaelian et al.,|2022] |Brandstetter et al.,[2022]. These
models are more flexible and expressive compared to their purely invariant counterparts [[Geiger and
Smidt, 2022]], and exhibit high data efficiency.

Extending such group invariant and equivariant paradigms to unsupervised learning could map out
compact representations of data that are agnostic to a specified symmetry transformation (e.g. the
global orientation of an object). In recent work [Winter et al.| [2022]] proposed a general mathematical
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framework for autoencoders that can be applied to data with arbitrary symmetry structures by learning
an invariant latent space and an equivariant factor, related to the elements of the underlying symmetry

group.

Here, we focus on unsupervised learning that is equivariant to rotations around a specified origin in 3D,
denoted by the group SO(3). We encode the data in spherical Fourier space and construct holograms
of the data that are conveniently structured for equivariant operations. These data holograms are
inputs to our end-to-end SO(3)-equivariant (variational) autoencoder in spherical Fourier space, with
a fully equivariant encoder-decoder architecture trained to reconstruct the Fourier coefficients of
the input; we term this approach Holographic-(V)AE (H-(V)AE). Similar to |Winter et al.| [2022],
our network learns an SO(3)-equivariant latent space composed of a maximally informative set of
invariants and an equivariant frame describing the orientation of the data.

We extensively test the perfomance of H-(V)AE and demonstrate high accuracy in unsupervised
classification and clustering tasks for spherical images and atomic point clouds within protein
structures. Specifically, we highlight the use case of H-(V)AE for learning compact and informative
representations of protein atomic environments that are agnostic to 3D rotations.

2 Holographic-(V)AE

2.1 Projecting data to spherical Fourier space

To define SO(3)-equivariant transformations, it is convenient to project data to spherical Fourier
space.

We start by constructing an orthonormal basis in 3D as the product of spherical harmonics - which
are orthonormal at a constant radius - and an orthonormal radial basis. We can then project any data
distributed around a center to such basis, capped at maximum spherical harmonics degree * = L and
maximum radial frequency N = N. In this work, we use the Zernicke Fourier Transform (ZFT).

Notably, spherical harmonics transform under the action of SO(3) (i.e. 3D rotations) via the irreducible
representations (irreps) of SO(3): the Wigner-D matrices. Thus, the SO(3) group acts on data encoded
in spherical Fourier space via a direct sum of irreps parameterized by the group element (i.e. the
desired 3D rotation). Specifically, the ZFT encodes a data point into a fensor composed of a direct
sum of features, each associated with a degree “ indicating the irrep that it transforms with under the
action of SO(3). We refer to these tensors as SO(3)-steerable tensors and to the vector spaces they
occupy as SO(3)-steerable vector spaces, or simply steerable for short since we only deal with the
SO(3) group in this work. We note that a tensor may contain multiple features of the same degree
‘, which we generically refer to as distinct channels c. Throughout the paper, we refer to generic
steerable tensors as h and index them by “, m and ¢. We adopt the “hat" notation for individual
entries to remind ourselves of the analogy with Fourier coefficients. See Figure for a graphical
illustration of a tensor.

Not only do we know how steerable tensors "rotate", we can also conveniently construct operations
that map between steerable vector spaces (i.e. equivariant operations) by leveraging the Clebsch-
Gordan tensor product. The CG tensor product combines two features of degrees ‘1 and “, to produce
another feature of degree js  “1j ‘s j‘1 + “2j. Let h- 2 R?"*! be a generic degree * feature,

with individual components fcmfor © m  *. Then, the CG tensor product is given by:

ﬁ‘3"’13 = (h-, cg he,)ams = C((‘frr:f))(‘zmz)ﬁ‘lmlﬁ‘zmz ey
mi= ‘1mzx= ‘2
where C(3M2) are the Clebsch-Gordan coefficients [Tung, 1985].

(“‘1m1)(‘2m2)

2.2 SOQ3) equivariant layers

We construct equivariant layers by leveraging previously developed operations alongside a novel
normalization layer. These include:

Linearity (Lin). First proposed by [Kondor et al.,2018].
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Figure 1: Schematic of the Network architecture. A: Schematic of a steerable tensor with “,x = 1
and 4 channels per feature degree. We choose a pyramidal representation that naturally follows
the expansion in size of features of higher degree. B: Schematic of a Clebsch-Gordan Block (CG
bl.), with batch norm (BN), efficient tensor product (ETP), and signal norm (SN), and Linear (Lin)
operations. C: Schematic of the H-AE architecture. We color-code features of different degrees in
the input and in the latent space for clarity. The H-VAE schematic differs only in the latent space,
where two sets of invariants are learned (means and standard deviations).

Efficient Tensor Product nonlinearity (ETP). [Kondor et al| [2018] first proposed using
the CG tensor product to inject nonlinearity in spherical convolutional neural networks (CNNs).
However, as the original formulation was very expensive, Cobb et al.[[2021]] developed an "efficient”
version, which we use in our model.

Batch Norm (BN). First proposed by [Kondor et al. 2018]. We found this layer to speed
up convergence (Fig[A2).

Signal Norm (SN). As tensor product activations are unstable, we develop a novel normal-
ization scheme consisting in dividing each tensor coefficient by the square-root of the total norm of
the tensor. We found this layer necessary to avoid the explosion of activations.

Details on all the layers can be found in Sec.[A.2] We combine layers in Clebsch-Gordan blocks, as
shown in Figure[TB. Each block can take a steerable tensor of arbitrary size composed of multiple
features of arbitrary degrees, and can output a steerable tensor of arbitrary size with multiple features
of arbitrary degrees, by following the sparsity of the CG tensor product (j'2  “1j ‘3 1 + “2)).
Crucially, if the maximum feature degree in the input tensor is ‘., then the maximum feature
degree that can be generated is 2°,,,x, achieved by combining two features of degree “;,.x. We employ
additive skip connections, zero-padded when appropriate, to favor better gradient flow.

2.3 Model architecture

H-(V)AE’s architecture is shown in Figure[IIC. The encoder takes as input a steerable tensor with
maximum degree “;,x = L and, via a stack of Clebsch-Gordan blocks, iteratively and equivariantly
transfers information from higher degrees to lower ones, down to the final encoder layer with
“max — 1. The latent space learned by the encoder consists of a maximally informative invariant
(“ = 0) component of arbitrary size z, as well as three orthonormal vectors (* = 1) which represent
the global 3D orientations, reflecting the coordinate frame of the input tensor. The frame is
constructed by learning two vectors and using the Gram-Schmidt method to find the corresponding
orthonormal bases [Schmidt, [1907]]. The third orthonomal basis vector is then calculated as the cross
product of the first two. The decoder learns to reconstruct the input from the invariants and the frame,
iteratively increasing the maximum degree ‘.« of the intermediate representations by leveraging the
CG tensor product within the Clebsch-Gordan blocks.



Within the decoder, the maximum degree ‘nax:p that can be outputted by each block b is
constrained by the sparsity of the CG tensor product. Specifically, *mach  2° where b ranges from 1
(first block) to B (last block). Since we need to reconstruct features up to degree L in the decoder,
we arrive at a lower bound for the number of blocks in the decoder set by ‘s L,or B log, L.
In our experiments, we set “yax:h = minf2°; Lg and do not let “max:b €xceed the input’s maximum
degree L. For the encoder and the decoder to have similar expressive power, we construct them to be
symmetric with respect to the latent space (Fig. [[IC). Optionally, we apply a linearity at the beginning
of the encoder and at the end of the decoder; this is required for input data that does not have the
same number of channels per degree since the ETP operates channel-wise.

For H-VAE, we parameterize the invariant part of the latent space by an isotropic Gaussian, i.e., we
learn two sets of size z invariants, corresponding to means and standard deviations.

2.4 Training objective

We train H-(V)AE to minimize the reconstruction loss L¢c between the original and the reconstructed
tensors, and, for H-VAE only, to minimize the KL-divergence of the posterior invariant latent space
distribution q(zjx) from the selected prior p(z) = N (0; I) [Kingma and Welling, 2013|]:

LOGX) = L (X)) + D (a(zjX)iip(2)) )

We use mean square error (MSE) for L., which as we show in Sec.[A.2.6] respects the necessary
property of SO(3) pairwise invariance, ensuring that the model remains rotationally equivariant.
Hyperparameters and control the trade-off between reconstruction accuracy and latent space
regularization Higgins et al.|[2022].

3 Experiments

We test our method on several diverse datasets. We exclude from the main text experiments made on
spherical images, and show them in the Appendix (Sec.[A.3).

3.1 Toy amino acids

We train H-(V)AE on point clouds of amino
acids extracted from structures in the Protein
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with L = 4 and !\l = 20 within a radius of 10A  pjoyre 2: H-VAE on amino acids. H-VAE was
from the residue’s C , and concatenate features trained on 1,000 residues with = 0:025 and

of the same degree, resulting in a tensor with
940 coefficients. We perform extensive abla-
tions by training H-AE and H-VAE models with
subsets of the training data and varying regular-
ization strength , which we show in the Ap-
pendix (Sec.[A.5)). We use a small latent space
size Z = 2, and consistently find that the learned
invariant latent space clusters by amino acid con-
formation even with very limited training data 2]

z = 2. The invariant latent space clusters by amino
acid conformations. The highlighted clusters for
PHE and TYR contain residue pairs with simi-
lar conformations. We compare conformations
by plotting each residue in the standard backbone
frame (right); X and y axes are set by the orthonor-
malized C -N and C -C vectors, and zZ axis is
their cross product.



Figure 3:H-AE on protein neighborhoods. A: Example protein neighborhood of backbone atoms. C
(yellow), C (gray), N (blue) and O (red). The secondary structure of the central residue is shown
overlaid in yellow.B-D 2D UMAP visualization of the invariant latent space learned by H-AE. Points
are colored by: secondary structure of the central resiBuen(mber of atoms in the neighborhood

(C), and average SASAY).

3.2 Protein neighborhoods

We test H-(V)AE on a more challenging point cloud dataset comprised of spherical atomic environ-
ments surrounding a residue within a protein structure, which we term pratgjhborhoodsWe use
ProteinNet [AlQuraishi, 2019] splits to avoid any redundancy in training and test sets (Sec. A.7.5). We
consider all atomic neighborhoods within a radius of 12.5A surrounding central residue types CYS,
GLU or HIS (Fig. 3A). We only consider backbone atoms (€, O and N). For each neighborhood
centered at the central residu€s , we compute the ZFT (Eq. A.6) with = 4 andN = 26. We

then concatenate features of the same degree resulting in a tensor with 1240 coef cients. The nal
dataset contains 303k/75k/4.4k (train/valid/test) tensors. We train an H-AE model with an invariant
latent space size of 64 (see Sec. A.7.5). The latent space is meaningfully organized according to
relevant neighborhood statistics, such as the secondary structure of the central reS8d73eKNN

classi cation accuracy - Fig. 3B), number of atoms in the neighborhood (Fig. 3C), and neighborhood's
average Solvent Accessible Surface Area (SASA), which is a proxy value for how buried the residue
is in the protein (Fig. 3D).

4 Conclusion

In this work, we develop the rst end-to-end SO(3)-equivariant (V)AE, suitable for data distributed
around a center. The model learns an invariant embedding describing the data in a “canonical”
orientation alongside an equivariant frame describing the data's original orientation relative to the
canonical one. Our model is de ned fully in spherical Fourier space, and thus, can reach a desired
expressiveness without a need for excessive computational resources.

We demonstrate that our model can be used to ef ciently learn SO(3) invariant and equivariant
representations of high-dimensional data, such as atomic environments. Speci cally, it can be used to
learn compact and informative representations of atomic environments as building blocks of larger
protein units. While in this paper we limit our analysis to backbone atoms within a small protein
subspace, our method can be extended to all-atom representations of the entire protein universe.
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